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Abstract. We develop a new method for obtaining branching rules for 
affine Kac-Moody Lie algebras at negative integer levels. This method 
uses fusion rules for vertex operator algebras of affine type. We prove 
that an infinite family of ordinary modules for affine vertex algebra of 
type A investigated in |AP1) is closed under fusion. Then we apply these 
fusion rules on explicit bosonic realization of level —1 modules for the 
affine Lie algebra of type A^]_ v obtain a new proof of complete reducibil- 
ity for these representations, and the corresponding decomposition for 
I > 3. We also obtain the complete reducibility of the associated level 
— 1 modules for affine Lie algebra of type C^ 1 '. Next we notice that the 



category of D^_ 1 modules at level —21 + 3 obtained in |P1) has the 
rph 

and F4 -modules at negative levels. 



isomorphic fusion algebra. This enables us to decompose certain Eg 



1. Introduction 

In the present paper we study branching rules for certain modules for 
affine Lie algebras at negative levels. We study the free field realizations of 
modules for affine Lie algebra of type A of level —1 introduced in [FFj and 
certain representations which naturally appear in the context of conformal 
embeddings in our recent paper [AP4J. 

V. Kac and M. Wakimoto considered in [KW| the free field representa- 
tions of the affine Lie super algebra g[(m|£) realized on the tensor product 
F m <g) Mi, where F m (resp. Mi) is a vertex algebra associated to infinite- 
dimensional Clifford (resp. Weyl) algebra. They proved that every charge 
component (F m (g) M?)^ is an irreducible g[(m|Z)-module if m > 1. Their 
proof can not be applied in the case m = since it uses super boson-fermion 
correspondence. Such approach requires at least one fermionic field, and it 
is a generalization of super boson-fermion correspondence based on g[(l|l) 
from [KL]. So for the case m = 0, one needs different approach. V. Kac and 
M. Wakimoto also noted in Remark 3.3. of [KWj that M^ is not irreducible 
gl(2)-module. So this makes the problem of irreducibility of M^ open for 
£ > 3. 
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In this paper we extend the Kac-Wakimoto irreducibility result to £jt(0, £) = 
g[(^)-modules Mg for £ > 3. We will prove that every charge component 
Mg 8 ^ is an irreducible g[(^)-module. 

Let us describe our construction in more detail. 

Vertex operator algebra Mi is simple and admits the charge decomposition 

Mt = © se zM| s ' . The charge zero subspace M^ is a simple vertex operator 

subalgebra of Mi which contains the vertex operator algebra L .(i) (— Ao) 

A e-i 

associated to affine Lie algebra of type of level —1, and a copy of rank 

one Heisenberg vertex algebra M(l), commuting with L (i) (— Aq). 

a i-i 

Let I > 3. In this paper we present a vertex algebraic proof of the 
isomorphism 

(1.1) M^ = L (i) (— Ao) <S> M(l) 

which proves that L ,(i) (— A ) is simple. 

A i-i 

Our proof uses the classification results from [API] , the notion of fusion 
rules for vertex algebra modules and the fact that Mi is a simple vertex 
operator algebra. We also show that every M { e s) (s £ Z) is an irreducible 

L (i) (-A ) <g> M(l)-module. 

A e-i 

It is interesting to notice that (jl.ip does not hold if I < 2. For £ = 1, 
Mf QS> is isomorphic to the vertex algebra Wi+oo at central charge c = — 1 
(cf. [KR], [A2]. [L|. |W]). The case £ = 2 was described in [KW], 

Next, we consider some vertex subalgebras of L .(i) (— Ao) of affine type. 

A £-l 

In this paper we shall consider the vertex subalgebra of type C, and the 
associated bosonic representation M^t- The results from [AP3] then imply 
that M21 is a completely reducible L (i) (— A )-module. 

In this paper we also find that there can exist vertex operator algebras of 

affine type having the same fusion algebras as L .(1) (— Ao). For that pur- 

A e-i 

pose, we study fusion rules for vertex operator algebras of type D introduced 
recently in |Plj . We are focused on the category of ordinary modules for 
vertex operator algebra V n (i) {—{2£ — 3)Ao) which is an non-trivial quo- 

tient of the universal vertex operator algebra of level — 2£ + 3. In order to 
determine the fusion rules, one needs to decompose certain tensor products 
of irreducible finite-dimensional representations of type D. But this job was 
done by S. Okada in [O]. The required tensor product is multiplicity free, 
and by using his result we are able to calculate fusion rules for the irreducible 
representations classified in [PI]. These fusion rules have many interesting 
applications. 
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We first classify irreducible representations for the simple vertex operator 
algebra L (1) (—(2£ — 3)A ). Next we are focused on the case i = 3. Then 

the simple vertex operator algebra L (i)(— 3Ao) can be realized as a subal- 
gebra of the simple vertex operator algebra L 3Ao). By combining our 
fusion rules analysis, we are able to decompose the vertex operator algebra 
L (i)(— 3Ao) as a direct sum of irreducible L n (i)(— 3Ao) <8> M(l)-modules, 

where M(l) is the Heisenberg vertex operator algebra with central charge 1. 
We obtain certain similar decompositions which follow from the results on 
conformal embeddings from [AP4J. 

We assume that the reader is familiar with the notion of vertex operator 
algebra (cf. [B], [FHL] . [FLMj . [FB], [FZ], [K2], [Li], [LL]) and Kac-Moody 
algebra (cf. [Kl]). Throughout the paper, we use the following notation: 
Qx e for simple Lie algebra of type Xg, and Qx e fo r the associated affine Lie 
algebra of type Xf\ VxiifJ-) for irreducible highest weight module for Qx e , 
L (i)(A) for irreducible highest weight module for gx e and (ij(fcAo) for 

£ £ 

the universal affine vertex algebra of level k associated to Qx e ■ 

2. WEYL VERTEX ALGEBRAS AND SOME AFFINE LlE ALGEBRAS 

The Weyl algebra Wi(^ + Z) is a complex associative algebra generated 

by 

af(r), r£i + Z, \<i<l 
with non-trivial relations 

where r, s G \ + Z, i, j 6 {1, . . . , £}. 

Let Mg be the irreducible W£(^+Z)-module generated by the cyclic vector 
1 such that 

af (r)l = for r > 0, 1 < i < I. 
Define the following fields on Mi 

The fields af{z), i = 1,...,£ generate on Mi the unique structure of a 
simple vertex algebra (cf. |K2j . [FBJ). Let us denote the corresponding 
vertex operator by Y. 

We have the following Virasoro vector in M#: 

(2-2) w = \ J2(aT(~)at(~) - 4 {-\) a - 
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Let Y(u,z) = Yln&z L(n)z~ n ~ 2 . Then Mg is a |Z>o~graded with respect 
toL(O): 

M e = (J) M e (m), M e (m) ={«€ Mg \ L(0)v = mv}. 

Note that M^(0) = CI. For v € Mg(m) we shall write wt(v) = m. 
Define 

I 

^ = -^a + (-i)a-(-i)l. 

i=l 

Let M(l) be the Heisenberg vertex subalgebra of Mi generated by H. Let 
y(H,z) = ZnezH(n)z-"-\ 
Then 

[H(0),af(n)] = ±af{n), l<i<£. 
Clearly, H (0) acts semisimply on and it defines the following Z-gradation, 
called the charge decomposition: 

M e = M { /\ M e (s) = { V £M e \ H(0)v = sv}. 

Let M(l,r) be the irreducible M(l)-module on which H(0) acts as rid, 
r G C. 

The proof of the following proposition is standard (see, for example, the 
proof of Proposition 5.1 of [A4| ). 



Proposition 2.1. M» is a simple vertex subalgebra of Mg. Each M^ 
(s G "L) is a simple M^p -module. 

The subalgebra of Mg generated by 

for i,j = 1, ... ,£,i < j, 

is level —1 affine vertex operator algebra associated to the affine Lie algebra 
QA e ^ 1 of type Ay\. We denote it by L m (-A ). 

As in [AP3| . we see that Mi has a vertex subalgebra isomorphic to 

L (1) (-Ao)®M(l) 

and that 

w = + Wl 

where W5 U9 is conformal vector in L (i) (— Ao) obtained by the Sugawara 
construction and 
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is a conformal vector in M(l). This implies that L (i) (— Ao) ® 
submodule 

L (d (-A + //)<g>M(l,s) 

of has lowest conformal weight 

(fi,H + 2p) s 2 



(2.3) 



1) 2^' 



Modules Mf admit the following Z>o~gradation: 



M { e s) = M { /\n), M ( t s \n) = {v G Mj s) | L(0)v = (\s\/2 + n)v}. 

n=0 



Lowest component is generated by af(— l/2) s l if s > and by a £ (—1/2) s l 
if s < 0. 

Lemma 2.1. VFe /iat>e: 
L (1) (-A ) M(l). a+(-l/2) s l L (1) (-(s + 1)A + sAi) ® M(l, s), 

Z a, (-A )<8>M(1). a7(-l/2) s l (1) (-(a + 1)A + «A<_i) ® M(l, -a), 

where L (i) (— (s + l)Ao + sA%) and L (i) (— (s + l)Ao + sA^_i) are certain 
A e-i A e-i 

highest weight A^2 1 -modules with highest weights 

X s = — (s + 1)A + sAi and /x s = — (s + l)Ao + sA^-i. 

Moreover, lowest components of these modules are finite- dimensional Qa £ _i~ 
modules isomorphic to Va £ _ 1 (swi) and Va^_ 1 (sw£_i), respectively. 

The classification result from [APT] implies: 

Proposition 2.2. Ze£ £ > 3. T/ie set 

{L (i) (-(a + 1)A + sAi), L {1) (-(s + 1)A + sA^_i) | s G Z> } 

A l-X 

provides a complete list of irreducible ordinary L (i) (—Aq) -modules. 

A e-i 

3. IRREDUCIBILITY OF CHARGE COMPONENTS AS g[(£)-MODULES 

In this section we assume that I > 3. We shall prove that = 

L .(i) (— Ao) ® Af(l), which will imply that L .(i) (— Ao) is a simple ver- 

A e-i A e-i 

tex operator algebra. Our proof will use the classification result from [API 
and certain fusion rules arguments. These results give that every charge 
component (s G Z) is an irreducible g[(£)-module. 

First we notice the following important lemma. 
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Lemma 3.1. Let r, s G Z>o, r > s and £ > 2. Then the following tensor 
product decompositions hold: 

(i) VA e (rcoi) © VA t {suj\) = 

V Ae ((r + a)wi) V Ae ((r + s- 2)wi + w 2 ) • • • V^((r - a)wi + sw 2 ), 
(m) V^rwf) © Va £ (sw£) = 

Vk,((r + s)^) © V Ae ((r + s- 2)u e + ui-i) © ••• © V^((r- + scj £ _i), 
(m) VA^(rwi) (8> V^(su^) = 

VA<((r - s)wi) © V Ae ((r -s + l)wi + w/) © • • • © V Ae (rui + sw £ ). 

Note that all weight subspaces of modules V Ae (rui) and V Ae (ruji) are 1- 
dimensional, and decompositions can be obtained by using Kostant formula 
[Ko| . Decompositions of this type also appeared in [O] , 

Theorem 3.1. Assume that £ > 3. We have: 

Mf ^Z. ( i) (-A )®M(1). 

•'v-i 

In particular, L (i) (— Ao) = [7(sa» ,)-l *s a simple vertex operator algebra. 

Proof. First we notice that is completely reducible M(l)-module, iso- 
morphic to an infinite direct sum of copies of M(l). 

Assume now that L (i) (— Ao) © -W(l) is a proper submodule of M«°\ 
A e-i 

Then we consider as a L .(i) (— Ao) ©M(l)-module and conclude that 

there exists a singular vector £1 which is not proportional to 1. Applying the 
classification result from Proposition 12.21 we may assume that f2 has weight 
A r or [i r for certain r € Z>o- 

Assume first that Q has weight A r . Then U(Q Ae i ).ft = V At _ 1 (ru)i). 

Next we consider M^-module Afj r ' which is generated by vector a7 (— 1 /2) r 1 . 
Since £1 and a7(— l/2) r l belong to the simple vertex algebra Mi, we 
conclude that 

Y(n,z)aJ(-l/2) r l + 0. 

Take no such that 

n no aJ(-l/2) r l + 0, n n aj(-l/2) r l = for n > n . 

Then 

U = U(g Al _ 1 ).n no aJ(-l/2) r l 

is &U (SAt-i )-module which is the lowest component of L (i) (— Ao)-module 

C7 = ^/(g^ 1 ).O no a^"(— l/2) r l. Then Lemma IBTTl (iii) and the classification 
result from Proposition 12.21 give that U is 1-dimensional. Relation (12 . 3|) 



FUSION RULES AND COMPLETE REDUCTIBILITY 7 

now implies that M) contains a non-trivial singular vector of conformal 

weight — This is a contradiction since M s does not have vectors at 
this conformal weight (lowest conformal weight is r/2). 

Similarly we treat the case if il has weight \i r . 

In this way we have proved that = L <i) (— Ao) ® Af(l). 

□ 

(s) 

Theorem 3.2. Assume that £>3 and s eZ. Then Mf> is an irreducible 
qI(£) -module. In particular 

M ( e s) (-(a + l)Ao + aAi)®M(l,s) (a > 0), 

Af, W L (1) ((a - 1)A - sAi_i) ® M(l, a) (a < 0). 

Proof. Theorem 13.11 and Proposition 12.11 give that M\ s) is an irreducible 

L (i) (— Ao) <S> M(l)— module. Now assertion follows from Lemma l2.1i □ 

A e-i 

4. Some applications 

In this section we shall present some direct applications of the results 
from Section [3j We shall complete the classification process for simple affine 
vertex operator algebras (— Ao) and L c (i) (— Ao) started in papers |A3| . 

[ATT] and [A"P3] . 

4.1. Fusion rules for L .(i) (—Ao)— modules. As a consequence of our con- 

A e-i 

struction and Proposition 12.21 we get the following classification result. 
Theorem 4.1. Lett > 3. The set 

{L (d (-(a + 1)A + aAi), L w (-(* + 1)A + sA £ _i) | a G Z> } 

provides a complete list of irreducible ordinary L m (—Aq) -modules. 

A e-i 

We are also able to describe the fusion rules between irreducible L .(i) (— Ao)- 

A e-i 

modules, for I > 3. 

f L,(i) (-(a + 1)A + aAi) if a > 



For every a G Z we set 7t s 



L (i) ((a - 1)A Q - aA^_i) if a < 



Next theorem will show that the fusion algebra generated by irreducible 
(ordinary) L.(i) (— Ao)-modules is isomorphic to the group algebra C[Z]. 

Theorem 4.2. Assume that i,j,k G Z. TTte i/iere exists a non-trivial in- 
tertwining operator of type 

f K k 
\7Ti 7T 

if and only if k = i + j 
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Proof. Let YM e (-,z) be the vertex operator map which defines on Mi the 
structure of vertex operator algebra. Required non-trivial intertwining op- 
erators are realized by restriction, as follows: 

I(u, z)v = Y Me (u, z)v (u G Mf\v G M ( £ j) ). 

The rest of statement easily follows from Lemma 13.11 by using standard 
fusion rules arguments. □ 

Remark 4.1. Vertex operator algebra (— Ao) is not rational in the 

category O, unlike admissible affine vertex operator algebras (cf. |A1| . [AM] . 

[Araj , |P2j . [P3] ). Modules constructed in Remark 5.8 of [API] are examples 

of L (i) (— Ao) -modules from category O that are not completely reducible. 
A e-i 

4.2. M2i as a C» — module. Next consequence of the construction from 
Section is the complete reducibility of M^n as a module for affine Lie 
algebra cj . 

By using conformal embedding of L (i) (— Ao) into L .(i) (— Ao), the clas- 

A 2£-l 

sification results from [A3] . [AP3] and Proposition 7 from [AP3] we get: 

Corollary 4.1. 

(i) Let I > 3. The set 

{L (1 ) (-(s + l)Ao + sAi) | s G Z> } U {L (d (-2A + A 2 )} 

provides a complete list of irreducible ordinary L„m (— Ao) -modules. 

(ii) M 2 £ is a completely reducible L (— Ao) -module. 

4.3. On Wi+oo-^lgebra. Let Wi+oo-i denote the simple Wi+oo vertex al- 
gebra with central charge c = —I. Then (cf. |KRj ) 

W 1+00 ,- e = Mf {e) . 

Our results show that 

/ \ em 

m+oc,-e = U^C-Ao) ® M(1)J L^^-Ao)^ 8) M(l) 

if £ > 3. (For £ < 2 this is not true). 

Therefore, Wi+oo,-£ is an affine orbifold. 

Remark 4.2. As far as we understand, the above result is new in the math- 
ematical literature. Note also that this result is in complete agreement with 
result from [FKRWj : 

/ \ bW 

m+oo,e = ( L A (^(A Q ) M(l) J = L^AofW ® M(l). 
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,(1) . 
LEVELS 

Let N (i) (fcAo) be the universal affine vertex algebra of level k associated 

to the affine Lie algebra of type Tn ■ It was proved in |Plj that the vector 

i 

(5-4) U = ^e ei _ ei (-l)e ei+ei (-l)l 

i=2 

is a singular vector in N (i) ((— £+2)Ao). The classification of representations 
of vertex operator algebra 

N w ((-e + 2)A ) 

V (1) ((-£ + 2)A ) = ' , 

W f < v > 

where < v > is the ideal generated by singular vector v, was studied in that 

paper. We will recall the classification of all irreducible ordinary modules 

for V (1 )((-£ + 2) A ). 

t 

It follows from |P1| that: 
Proposition 5.1. The set 

{L D ( X) (-(« + £ - 2)A + sA € _i), L D (i) (-(s + £ - 2)A + sA^) | s G Z> } 

^i?;es a// irreducible ordinary V n (i)((— I + 2) Ao) -modules. 

In this section we shall prove that the above modules actually give all 
irreducible modules for the simple vertex operator algebra L n (i)((— ^+2)Ao) 
in the case when £ is odd. 

Top components of irreducible modules from Proposition 15.11 are irre- 
ducible modules for the simple Lie algebra of type D. So we get an inter- 
esting series of modules: 

V De (su)i-i), Vdi(suji) (seZ> ). 

Let 

VD e (su>£-i), for s > 

V De (-suJe), for s < 0. 

These modules appear in the representation theory of simple Lie algebras. 
Particulary important result is obtained by S. Okada [O] . He described 
characters of these representations and their tensor products. He proved that 
their tensor product is multiplicity free, i.e., every irreducible component has 
multiplicity one. 

By using Theorem 2.5 of [O] we have: 



U Dl {s) 



Proposition 5.2. Assume that £ > 3 is an odd natural number. Assume 
that r,s € Z. Then UD e (t) appears in the tensor product Uo e (r) Ud ( (s) if 
and only if t = r + s. The multiplicity is one. 
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Proof. We present the proof in the case r > and s > 0. Other cases are 
treated similarly. The combinatorial description of tensor product decom- 
position from Theorem 2.5 (3) (for t odd) of [Q\ gives that 

Vo^ru)^) ® Vn £ (sue-i) = (J) V De (n), 

where the summation goes over dominant integral weights fi such that 
\i = (hui + k 3 u 3 + k 5 uj 5 + . . . + ki- 2 0Je-2) + h-i^e-i {h e Z> ), 

and 

2{ki + k 3 + . . . + fc*_ 2 ) + fc W = r + s. 
This implies that modules VD e (tu}g) do not appear in that tensor product 
and that VD t {toJe.-{) appears only for t = r + s (with multiplicity one). The 
claim follows. □ 

This tensor product decomposition implies the following result about fu- 
sion rules: 

Theorem 5.1. Assume thatir r , r G Z are 1<>o-graded V n (t) ((— 2^ + 3)Ao)- 

modules such that top component of ir r is isomorphic to the irreducible 
QD 2l _ 1 -module UD 2t _ 1 (r). Let ir r denote the associated simple quotient. As- 
sume that there is a non-trivial intertwining operator of type 

Then t = r + s. 



Remark 5.1. It is interesting that in the case of V D (i)((— 21+2) Aq) -modules 
we get a different fusion algebra. 



Now we shall apply our result on fusion rules to get complete classification 
of irreducible ordinary L (i) {—{21 — 3)Ao)-modules. 

U 2l-1 

Theorem 5.2. The set 

L m {-{s + 21- 3)A + sA M _ 2 ),L (1) {-{s + 21- 3)A + sA 2e _ 1 ) | s € Z> 

^21-1 u 2i-\ 

(5.5) 

provides the complete list of irreducible ordinary i> n (i) {— {2£— 3) Aq) -modules. 

^21-1 

Proof. ^From Proposition 15.11 we get that every irreducible module for the 
simple vertex operator algebra L (i) {—(21 — 3)Ao) belongs to the set (|5.5p . 

It remains to prove that every module (M,Ym(-, z)) from the set (|5.5p is in 
fact a module for L ci) {—{21 — 3)Ao). 
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Let J(—(2£ — 3)Ao) be the maximal ideal in the vertex operator algebra 
V n( i) {-{21 - 3)A ). Since J{-{2£ - 3)A ) is an ordinary V n (i) {-{2£ - 

t > 2t-l ^21-1 

3)Ao)-module, we conclude that it is generated by singular vectors which 
have weights A r = — {r + 2£ — 3)Ao + rA2^-2 or fi r = — {r + 2£ — 3)Ao+rA2^-i, 
r E Z>o- Assume that there is a singular vector Q of weight A r or \i r such 
that vertex operator 3^(0, z ) is non-zero on M. This leads to a non-trivial 
intertwining operator of type 

S ) or (-Ji 
L{\) MJ \L(nr) M 

This contradicts Theorem 15.11 

Therefore, vertex operators Y^(v,z) must vanish for all v € J{—{2£ — 
3)A ). This proves that M is an L m {-{21 - 3)A )-module. □ 

6. CONFORMAL EMBEDDING OF L (1) (— 3A ) <8> M(l) INTO L (i)(— 3Aq) 



li 



In this section we use the methods from Section [3] and the fusion rules 
analysis from Section[5]to construct the conformal embedding of L (i) (— 3Ao)§ 

M(l) into L (i) (— 3Ao). We also determine the decomposition of L (i) (— 3Ao) 
into direct sum of L n (i)(— 3Ao) ® M(l)-modules. 

Let QEe be the simple Lie algebra of type Eq. We will use the construction 
of the root system of type Eq from [Bou], [H], and the notation for root 
vectors from |AP4j . Note now that the subalgebra of qe 6 generated by 
(suitably chosen) positive root vectors 

e (5) — e I ( eg _ e7 _ e6 + 1E5 _ e4 _e3_ e2 _ ei )5 
C«2 ^E2+ei > 

^£3—62? 

^62 _ ei ? 
e «5 e £4 — 63 

and associated negative root vectors is a simple Lie algebra of type D 5 . We 
denote this Lie algebra by qd 5 - Thus, qe 6 has a reductive subalgebra 0D 5 ©f), 
where f} = CiT, and 

H = -{h 8 -h 7 -h e - 3h 5 ) 
(where hi are determined by €i{hj) = 5ij), with the associated decomposition 

(6.6) qe 6 = 9d 5 e fj e Vb e (w4) ® Ci e Vb 5 (w 6 ) ® c_i, 

where C r denotes the one-dimensional f)-module on which H acts as scalar 
r £ C. The highest weight vectors of qd 5 -modules Vd 5 {^a) and Vb 5 (w5) are 
e(234) and e £5+£4 , respectively. 
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Denote by L n (i)(— 3Aq) the subalgebra of L „(i)(— 3Ao) generated by qd 5 

and by M(l) the Heisenberg vertex subalgebra of L „(i)(— 3Ao) generated 

by H . Relation (16. 6j) and the criterion for conformal embeddings from [AP4] 
give: 

Proposition 6.1. Vertex operator algebra L n (i)(— 3Ao) <S> M(l) is confor- 
ms 

mally embedded in L 3Ao). 

As before, denote by M(l, s) the irreducible M(l)-module on which H(0) 
acts as scalar s € C. It follows that L n (i)(— 3Ao) &> M(l)-submodule 

L n( i)(-3A + ®M(l,s) 

of L (i)(— 3Ao) has lowest conformal weight 

f6 7) (/x, /x + 2p) _ s?_ 

{ ' ' 10 8 ' 

It was shown in [AP4J that 

V E 6 = (e (5) (-l)e ( i2345)(- 1 ) + e(l25)(- 1 )e(345)(- 1 ) 
+e(i35) (-l)e(245) (-1) + e(235) (-l)e(i45) (- 1 )) 1 
is a singular vector in N m (— 3Ao). Thus, this vector is trivial in La) (— 3Ao). 

The subalgebra of N a) (— 3Ao) generated by qd 5 is isomorphic to N n a) (— 3Ao). 
Note that ve 6 € N a) (— 3Ao), and that in fact ve 6 is equal to vector v from 
relation (|5.4p . for I = 5. Since ve 6 is trivial in L „(i)(— 3Ao), we conclude 

that ^ n (i) (— 3Ao) is a quotient of vertex algebra V n (i) (— 3Ao) from Section[5j 
The classification results from Proposition 15.11 and Theorem 15.21 now give: 

Proposition 6.2. The set 

(-(a + 3)A + SA4), L D a) (-(a + 3)A + sA 5 ) | s G Z> } 
provides the complete list of irreducible ordinary L a){~ 3 A-o) -modules. 

5 

Vectors e( 2 34)(— l) s l and e e5+e4 (— l) s l are (non-trivial) singular vectors 
for qd in L „(i)(— 3Ao) of highest weights — (s + 3)Ao + sA4 and — (s + 3)Ao + 

^6 

SA5, respectively. Furthermore, we have: 

[#(0),e (23 4)H] = e(234)0) ; 

[iJ(0),e es+e4 (n)] = -e e5+ei {n). 

We have: 

L D a } (-3A ) ® M(l).e (234) (-l) s l L w (-(a + 3)A + aA 4 ) M(l, a), 
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L ( i)(-3Ao) ® M(l).e e5+e4 (-l) s l * L w (-(a + 3)A + sA 5 ) ® M(l, -a), 

5 5 

where L w (—(s + 3)Ao + sA 4 ) and L D w(~ ( s + 3)Ao + SA5) are certain 

5 5 

highest weight D^-modules with corresponding highest weights. 

Clearly, H (0) acts semisimply on L„(i) (— 3Ao) and it defines the following 
Z-gradation: 

L B (i)(-3A Q ) = 0L E ( 1) (-3A O )W, L e m(-SA )^ = {v e ^(-3^) | #(0)« 

The following proposition is analogous to Proposition I2.lt 

Proposition 6.3. L ( i)(-3A ) (0) is a simple vertex subalgebra ofL (i) (— 3Ao). 
£ac/i L (i)(— 3Ao)( s ' (s & 7,) is a simple L E (i){— 3 Aq)^ -module. 

6 6 

Clearly, I>„(i) (— 3Ao)( s ) is generated as L m (— 3 Ao)^ -module by e(234)(— 
for s € Z>o, and by e e5+1E4 (— l)~ s l for s G Z<o- 

Theorem 6.1. 

(a) We have: 

L (1) (-3Ao)<°> = Z D (i)(-3A ) ® M(l). 
In particular, L n (i)(— 3Ao) is a simple vertex operator algebra. 

(b) Every L c ,(i)(-3A ) (s) (a G Z) is an irreducible L n(1) (-3A ) ® M(l)- 
module. In particular 

L (1) (-3A ) (S) L (1) (-(s + 3)A + sA 4 ) 8) M(l, s) (s > 0), 

L (1) (-3A ) (s) L (1 ) ((s - 3)A - sA 5 ) ® M (1, s) (s < 0). 

Proof. We omit the proof because of its similarity with the proofs of The- 
orems 13.11 and 13.21 The main ingredients of the proof are the classification 
result from Proposition ^. 21 the fusion rules argument (based on Proposition 
15. 2p . formula for the conformal weight (|6.7p . and the fact that L „(i)(— 3Ao) 
is simple vertex operator algebra. □ 

We obtain the decomposition: 

L B (i)(-3A )= L D (!)(-(s + 3)Ao + sA 4 )0M(l,s) 

(6.8) L D a) ((a - 3)A - sA 5 ) ® M(l, s). 

sez<o 

As a consequence of decomposition (|6.8p . one also obtains the decomposi- 
tion of £p(i) (— 3Ao) into direct sum of L (i) (— 3Ao)(g>M(l) + -modules, where 

M(l)+ denotes the Z 2 -orbifold of M(l) (cf. |DNl) . [DN2] 1. Namely, using 
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conformal embeddings of L (i)(— 3Ao) into L (i)(— 3Ao) and L R (i)(— 3Ao) 
into L n (i)(— 3Ao) from |AP4| . one can easily obtain that L 3Ao) (8> 
M(l) + is a vertex subalgebra of L „(i)(— 3Ao) with the same conformal vec- 

*4 

tor. 

We obtain the following decomposition: 
Corollary 6.1. We have: 

L (1) (-3A ) = L r(1) (-3A ) ® M(l)+ L (1) (-4A + Ax) ® M(l)" 
© £ B ci)(-(a + 3)Ao + sA4)®M(l,s). 
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